Study of spin plasmons on the surface of a topological insulator based
  on spin quantum hydrodynamics by Zhang, Ya et al.
ar
X
iv
:1
40
3.
76
32
v2
  [
co
nd
-m
at.
me
s-h
all
]  
24
 M
ay
 20
14
Study of spin plasmons on the surface of a topological insulator based on
spin quantum hydrodynamics
Ya Zhang1,2, Jianwei Cui1, Wei Jiang1,3, Lin Yi1
1 School of Physics, Huazhong University of Science and Technology, Wuhan 430074, China
2 Research group PLASMANT, Department of Chemistry University of Antwerp,
B-2610 Wilrijk-Antwerp, Belgium and
3 Centre for Mathematical Plasma-Astrophysics, Department of Mathematics,
Katholieke Universiteit Leuven, B-3001 Leuven, Belgium∗
Abstract
Starting from the Dirac equation, the relativistic quantum hydrodynamic equations for Dirac electrons
on a surface of a three dimensional-topological insulator (TI) are derived and numerically solved to study
the spin plasmons. The surface of the TI is modulated by a perpendicular magnetic field and a pulsed
exchange field provided by an array of ferromagnetic insulating (FI) stripes. The collective density and
velocity oscillations in the two-dimensional Dirac electron gas are simulated and analyzed. It is shown that
in spin plasmons, the collective electron density and momentum are modulated by the spin state. Direct
experimental observations of such oscillations are possible at laboratory conditions.
PACS numbers: 71.10.Pm, 72.25.Dc, 73.20.-r, 52.27.Gr
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Topological insulators (TIs) are found to be a new class of materials which is in insulating
states within the bulk, but in conducting edge states on their surfaces1. Three-dimensional (3D)
TIs such as Bi2Se3 shows protected or topological surface state, at which the two-dimensional
(2D) electron states can be described as massless 2D Dirac electron gas. Moreover, the 3D TIs are
expected to show several unique properties when the time reversal symmetry is broken2. The latter
can be achieved directly by a ferromagnetic insulating (FI) layer attached to the 3D TI surface,
such that the TI surface states are exchange coupled to the collective magnetization of the FI. The
magnetization dynamics of a thin ferromagnetic film exchange coupled with a surface of a 3D-TI
has been studied and shown that the ferromagnetic strip could cut the TI surface into two gapless
regions3,4. The collective motion of the Dirac electrons (relativistic spin electrons) are influenced
mainly by the magnetization of the FI layer rather than its stray field. This is in contrast to the
Schro¨dinger electrons modulated by nanomagnets.
Plasmons are the quantized collective oscillations of electrons in metals and semiconductors.
Plasmons can be of appearance under external modulations in varies kind of structures and ma-
terials,like bulk metals, semiconductor heterostructures, quantum-wells. Conventional plasmons
excited in massive electrons have been extensively studied in plasmonics5. Especially, plasmons
of Schro¨dinger electrons which has been a long time research priorities6. Like other structured
materials, plasmons can also be elicited in the Dirac electron gas, which is often referred as spin
plasmons, in which the charge and spin waves are coupled together. Plasmons in Dirac electrons in
the TI surfaces has received great attentions since it has been observed7, especially in the field of
nano-scale electro-mechanical systems. With quantum field-theoretical description, properties and
internal structure of spin plasmons in helical liquid are predicted theoretically by Efimkin8. The
first experimental observations of spin plasmons are reported by Pietro et al.9 with infrared spec-
troscopy in thin films on Bi2Se3 TI surface. Based on Bernevig-Hughes-Zhang model10, some
theoretical works have studied plasmon excitation dispersion of topological edge states within
random-phase approximation (RPA) dielectric theory11,12, in which the collective motion between
Schro¨dinger electrons and Dirac electrons is compared. Within the framework of classical elec-
trodynamics, the dispersion relation of surface spin plasmons at the interface between a TI and a
dielectric, has been deduced13.
However, nearly all above theoretical studies are based on solving the microscopic Dirac-like
equations, while the wave function is not but density fluctuations is an observable quantity. It is
natural and will be beneficial to adopt a macroscopic theory for the quantum ”gas” or ”liquid” (also
2
referred as quantum plasma), i.e. a set of hydrodynamic equations, in which the collective den-
sity and momentum fluctuations can be directly calculated. The quantum hydrodynamic (QHD)
equations can be deduced from the Schro¨dinger equations, in which the Coulomb interactions can
be self-consistently included by coupling the Poisson equation. QHD has been demonstrated as
a powerful tools to treat quantum ”gas” or ”liquid” in high energy density physics14 and plasma
physics15 community, but is much less familiar for the condensed matter community yet. Com-
pared to solving the nonlinear Schro¨rdinger-Poisson or Wigner-Poisson system, the QHD model
is more simple for numerical studies and has a straightforward interpretation in terms of fluid
quantities that are employed in classical physics. Spin systems like Dirac electrons on TI surface
can also be studied by spin QHD. From Pauli or Dirac equations, hydrodynamic models including
non-relativistic spin16 and relativistic spin4,17effects have been presented recently. With spin QHD,
Felipe17 has studied electromagnetic wave propagation in spin quantum plasma.
It is possible to use similar treatment to study the spin plasmons, which will be the main work
of this paper. We are especially interested in excitations of spin plasmons in Dirac electrons on
Bi2Se3 TI surface with FI strips and a perpendicular magnetic field. The Bi2Se3 material has been
verified18 to have a bulk gap of 0.3 eV and a single Dirac cone of surface states. The collective
motion under these external modulation and a spin force of the Dirac electrons can behave as a tool
of surface modification of the TI, or as a useful probe to characterize the average electromagnetic
properties of the 2D Dirac electron system. The works have two goals, first we will deduce the spin
QHD suitable for describe the spin plasmons starting from Dirac equation with similar procedures
in Ref.16, after that we will study the collective properties of the spin plasmons in such a system
numerically. Gauss units will be adopted throughout the paper except in specific definitions.
We consider a 2D semi-infinite Dirac electron gas on an identified surface of a 3D TI like Bi2Se3
material (vF = 5 × 107 cm/s) with initial density of n0 = 3 × 1014 cm−2, in which n0 = 3k2F/2pi
and kF = mevF/~. Here vF is the Fermi velocity of the electrons, kF is the Fermi wave number,
me is the electron mass, ~ is the Planck constant divided by 2pi. Take a cartesian coordinate system
{z, x} in the surface and the 2D surface electrons are in the region x ≥ 0. The in-plane FI stripes
are deposited periodically on top of the surface along the x axis, as sketched in Fig. 1. Their initial
magnetizations are along the z axis in the {z, x} plane. All FI stripes take the same width d/2 and
magnetization strength m0, the smallest distance between them is d/2 and the periodic length is
d = 5 nm.
In addition, an external perpendicular-plane TE wave with the electromagnetic fields E =
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(Ex, 0, Ez) and B = (0, By, 0), is applied to the surface which is propagating along the x axis and
directed along the y axis with k2 = k2x, in the analytical formulation of
Ex(x, t) = B0 cos(kxx),
By(x, t) = −B0k cos(kxx) cos(kct)/kx
Ez(x, t) = B0 sin(kxx) sin(kct)
. (1)
The boundary condition at x = 0 can be expressed as a perfectly conducting wall.
In the presence of the perpendicular-plane TE wave and in-plane FI stripes modulations, the
motion of surface electrons that take collective polarization can be regarded as relativistic sur-
face plasmons. The plasmons which are regarded as charged fluids with 2D average density
field ne(z, x, t) and velocity field ue(z, x, t) can be described by the relativistic QHD equations.
Now comes the crucial point: by introducing the decomposition of the spinors according to
ψ =
√
γn exp(iS/~)ϕ with the relation meue = ∇S + eA/c, it is possible to derive relativis-
tic quantum continuity and momentum equations from the EOM of relativistic fluid and the Dirac
equation
i~
∂ψ
∂t
= vFσ · (p− e
c
A)ψ − eφψ + σ ·Mψ. (2)
Here γ = 1/
√
1− u2e/v2F is the relativistic factor, e is the elementary charge and c is the light
speed, p = (pz, px) is the electron momentum, σ = (σx, σy, σz) are the Pauli spin matrices, and
ϕ is the 2-spinor with ϕϕ+ = 1. Beside, φ = φext + φind is the total potential consisted of
the external potential φext related to the Ex and Ez and the induced electrostatic potential φind
generated by the collective motion of the electrons in an electrostatic case considered here. In
particular, M = mz(x)ez is the effective exchange field induced from the FI stripes, and mz(x)
takes a constant value m0 in the stripe regions with magnetization aligned to the z axis and zero
otherwise. Moreover, the last term in the right side of Eq. (2) is induced by the spin effect where
the magnitude of M, m0 (can also be defined as the value of the exchange field), represents the
strength of the spin effect. Thus, the collective motions of the surface Dirac electrons can be
described by the continuity equation
∂γne
∂t
+∇ · (γneue) = 0, (3)
and the momentum-balance equation
∂ue
∂t
+ (ue · ∇)ue = e
γ3me
(∇φext +∇φind + 1
c
∂A
∂t
− ue ×B
c
)∓ 1
γme
∇mz. (4)
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Here, ”−” represents spin-up and ”+” represents spin-down in the last term on the right side of Eq.
(4) that is the spin force term,∇ = ∂
∂z
ez +
∂
∂x
ex, and the magnetic vector potential A = (0, 0, Az)
can be given from Eq. (1) as
Az(x, t) = B0k sin(kxx) cos(kct)/k
2
x. (5)
Note in this momentum equation, no dissipating term is included. The induced electrostatic po-
tential φind satisfies the Poisson equation
∇2φind = 4pie(ne − n0). (6)
Above equations are nonlinearly coupled and can only solved numerically. The Poisson equa-
tion (6) is solved by the successive over relaxation (SOR) method. Flux-corrected transport (FCT)
method19 is adopted to numerically solve the Eqs. (3) and (4) by time integration from the initial
time t = 0 when the values of all quantities are known.
For convenience we introduce the length of a basic unit a = 5×10−8 cm. Note that we examine
the collective polarization of 2D Dirac electrons on the surface of Bi2Se3 TI material in the external
TE wave and the FI strip modulations and by considering spin effects in the following results. In
our simulations, we take several period length of both By and mz in x direction (x/a = 0 − 32)
as simulation region, the initial electron density n0 = 3 × 1014 cm−2 and velocity ue = 0 are
treated as given parameters, while the values of m0, B0 and the wave number k are varied in order
to examine these external modulations on the collective motion of Dirac electrons.
The spin effects on the collective density oscillations at 1.5 fs are illustrated in Fig. 2 without
spin effects m0 = 0 (solid line) and with spin effects m0 = 1 meV (∼ 17 T) (spin-up: dashed line,
spin-down: dotted line). Laboratory magnetic fields are at most several tens of T. Here B0 = 0.1
T for ka = pi/8 (a), ka = pi/4 (b), ka = pi/2 (c) and ka = pi (d). It is found from Fig. 2
that the collective oscillations with spin effects are larger than that without spin effects, showing
as periodical spikes in the charge density. It can be clearly seen that, the spin state is locked
with the density waves, which is mostly obvious when ka = pi. Different spin state will lead to
different sign of density oscillations. We can also note that the contribution from the spin term is
significant in particular for large values of the wave number k. In addition, it is interesting to see
that the spin-up effects are more significant when ka = pi/2 than spin-down effects. Note for most
classical plasmas, the strength of magnetization is very small while the temperature is high, the
spins mainly randomly orient, and the spin effects are negligible. On the other hand, when there
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exist strongly magnetic modulations (larger than several T) in a quantum plasma, the spin vectors
are essentially modulated and the spin effects can be significant. Thus, in our calculation, when
the exchange fields induced by the FI stripes take a strength of several meV or several tens of T,
spin effects are significant, which can meet the most of the experimental conditions. That is, the
spin effects are evident on the collective motion of Dirac electrons, leading to the increase of the
density oscillation.
As demonstrated above, the collective polarization features with (m0 = 1 meV) and with-
out (m0 = 0) spin effects are quite distinct. In addition, the different wave number k of the
perpendicular-plane magnetic field By also influences the collective motion of the electrons. Thus,
some interesting questions arise: How are the density oscillations changed with and without the
external magnetic field By driving them, what happens if at the time tB the By is turned off, and
how are the plasma oscillations sustained when By is turned off at the time tB? Here tB is the
time when the By is turned off. In order to answer these questions, Fig. 3 presents the density
oscillations at 3 fs: (a-c) with By (B0 = 0.1 T and ka = pi/4), tB = 3 fs (solid line), tB = 1.5
fs (dashed line), for non-spin (a), spin-up (b) and spin-down (c), and (d) without By for spin-up
(square symbol) and spin-down (circle symbol). Here m0 = 1 meV. In Fig. 3(a) without spin
effect, the density oscillations decrease obviously when the By is turned off but the oscillations
persist by the waked potential [see Eq. (6)]. However, in Fig. 3 (b-c) with spin effects the density
oscillations show a much smaller change when the By is turned off (dashed line) compared to the
case with By (solid line). In particular, the density oscillations can be sustained with spin effects
even there is no By (B0=0), as shown in Fig. 3(d). That is, a perpendicular-magnetic field of a few
T (B0 = 0.1 T), as well as an in-plane exchange field of several meV (m0 = 1 meV) which appears
in the spin force term in Eq. (4), both might generate and dominate the density oscillations.
In order to see the collective oscillations of the 2D Dirac electrons more clearly, Fig. 4 shows
the spin-up effects on the collective density oscillations (a), longitudinal (x direction) velocity uex
(b) and transverse (z direction) velocity uez (c) at 3 fs in 2D spectrums. Here ka = pi/4, B0 = 0.1
T and m0 = 1 meV. The velocity is normalized by vF . It is easy to see that the density oscillates
with respect to the x axis and the maximum positive and negative densities are intersected on both
sides of the x axis in the 2D spectrum, as shown in Fig. 4(a). Whereas, the peak values of the
both longitudinal and transverse velocities are on the x axis due to the maximum force terms on
the x axis, as shown in Fig. 4(b-c). What is interesting, uex is much larger than uex due to the
spin-momentum locking effect. This is the spin is in z direction and enhance the momentum of x
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direction.
In conclusion, we have studied the collective oscillations of Dirac electrons on the surface of a
3D-TI subject to a perpendicular-plane TE wave and an in-plane periodic exchange field which is
provided by a series of equally spaced FI stripes attached to the TI surface. The collective density
and velocity of this electrons are obtained by the relativistic quantum hydrodynamic equations of
continuity and momentum which are coupled with the Poisson equation solved by numerically. In
our simulation, as the surface electron gas of a 3D-TI is considered, the spin effects are included
naturally and they are significant under the spin force assisted by the in-plane FI stripes modu-
lation with a laboratory condition, especially the spin effects can sustain the density oscillation
when the TE wave is turned off. In addition, the TE wave modulation is also obvious for dif-
ferent wave numbers. In a 2D spectrum, the collective oscillations of the 2D Dirac electrons are
clearly seen, in which the longitudinal velocity is much larger than the transverse velocity due to
the spin-momentum locking effect. The simulation results will likely find its experimental appli-
cation in relativistic quantum plasmas including Dirac electron plasmas and solid density plasmas,
especially in the research of the surface states of 3D-TIs.
Here we should emphasis that it was generally believed by the plasma physics community that
the spin quantum hydrodynamics related effects can be never be observed in experiments16, as it
may require the external magnetic field as high as several thousand T in 3D bulk materials, like
in a neutral star. However, our work shows that in a reduced 2D Dirac electron system on the
surface of a TI, the spin effects on the collective motion of these electrons can be observed with
only several tens of T, showing another significant example of the low-dimensional phenomenon.
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Figure Captions
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FIG. 1: Schematic illustration of the device: the 2D Dirac electrons in the surface of a TI is modulated
by a pulsed exchange field. The latter is generated by an array of FI stripes. The magnetization directions
of FI stripes are parallel to the z axis. Both the FI regions and the spacing regions have the same length
d/2(d = 5 nm). A perpendicular TE wave By propagating in the surface of the TI along the x direction.
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FIG. 2: (Color online) The density oscillation at 1.5 fs (ne1 = ne − n0) versus x for (a-d) B0 = 0.1 T with
(a) ka = pi/8, (b) ka = pi/4, (c) ka = pi/2 and (d) ka = pi, without spin effects m0 = 0 (solid line) and
with spin effects m0 = 1 meV (spin-up: dashed line) and (spin-down: dotted line).
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FIG. 3: (Color online) The density oscillations at 3 fs: (a-c) with By (B0 = 0.1 T and ka = pi/4), tB = 3 fs
(solid line) and tB = 1.5 fs (dashed line), for non-spin (a), spin-up (b) and spin-down (c), and (d) without
By for spin-up (square symbol) and spin-down (circle symbol). m0 = 1 meV. Here tB is the time when the
By is turned off.
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FIG. 4: (Color online) The spin-up effects on the density oscillation (ne1 = ne − n0) (a), longitudinal
velocity uex (b) and transverse velocity uez (c) at 3 fs in a 2D spectrum. Here ka = pi/4, B0 = 0.1 T and
m0 = 1 meV.
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